The Cambridge autostereoscopic three-dimensional display is a time-multiplexed device that gives both stereo and movement parallax to the viewer without the need for any special glasses. This analysis derives the size and position of the fully illuminated, and hence useful, viewing zone for a Cambridge display. The viewing zone of such a display is shown to be completely determined by four parameters: the width of the screen, the optimal distance of the viewer from the screen, the width over which an image can be seen across the whole screen at this optimal distance, and the number of views. A display's viewing zone can thus be completely described without reference to the internal implementation of the device. An equation that describes what the eye sees from any position in front of the display is derived. The equations derived can be used in both the analysis and design of this type of time-multiplexed autostereoscopic display. r
Introduction
Autostereoscopic displays offer the viewer threedimensional realism that is lacking in conventional two-dimensional or stereoscopic displays. The combination of both stereo parallax and movement parallax produces a perceived effect similar to a whitelight hologram.
In real life we gain three-dimensional information from a variety of cues. Two important cues are stereo parallax, in which we see a different image with each eye, and movement parallax, in which we see different images when we move our heads. Figure 11a2 shows an observer looking at a scene. The observer sees a different image of the scene with each eye and different images again whenever he or she moves his or her head. The observer is able to view a potentially infinite number of different images of the scene. Figure 11b2 shows the same viewing space divided into a finite number of windows. In each window only one image, or view, of the scene is visible. However, the viewer's two eyes each see a different image, and the images change when the viewer moves his or her head-albeit with jumps as the viewer moves from window to window. Thus both stereo and movement parallax cues can be provided with a small number of views.
The finite number of views required in Fig. 11b2 permits the replacement of the scene by a threedimensional display that outputs a different image to each window 3Fig. 11c24. This is the principle of multiview autostereoscopic displays.
A. Autostereoscopic Display Technologies
A variety of autostereoscopic technologies have been developed. Lenticular displays and hologram displays use high-resolution display devices to produce multiview images at a lower resolution. Lenticular displays 1 use subpixels beneath microlenses. They normally provide two views, which does not provide movement parallax. Both a four-view 2 and an eightview 3 lenticular display have been demonstrated, but precise alignment of microlenses and pixel array and the high resolution required make more than four views difficult to achieve.
Hologram displays use a pixellation fine enough to form diffraction gratings. There is potential for hundreds of views to be displayed. 4, 5 However, the resolution required to make a diffraction grating necessitates that the equipment be mounted on an optical bench and that a supercomputer be used to drive the display.
Parallax barriers 1 provide a more flexible twoview alternative to lenticular screens but suffer the same problems when one tries to increase the number of views. Multiple projector systems 6 avoid the resolution problem by using several projection devices that image through a double lenticular lens array. Although this undoubtedly works, it is expensive in that one projector is required per view, and it is difficult to align the projectors precisely for comfortable viewing.
All these methods provide multiple views by having more spatial resolution than an equivalent twodimensional display. An alternative is to have a higher frame rate. A two-dimensional display is made visible to one window at a time and the appropriate image is displayed. If this process is repeated sufficiently rapidly, the whole seems continuous to the human eye. There are no misalignments between the views because all the views are displayed on the same device. This time-multiplexed method has the advantage that it is easier to increase frame rate than resolution.
The Cambridge autostereoscopic display 7 uses such a temporally multiplexed system to achieve a laterally multiplexed autostereoscopic image. This paper derives equations that describe the behavior of an ideal Cambridge display.
B. Cambridge Display
The basic design of a Cambridge display 3Fig. 21a24 consists of a high-speed liquid-crystal display, a convex lens, and a series of abutting bar-shaped light sources. Each light bar is illuminated in turn. In synchronization with this, successive laterally adjacent views of an object are displayed on the liquidcrystal display. The effect of the lens is that each view is visible from a different set of directions in front of the display. Provided that the views are repeatedly illuminated sufficiently rapidly, an observer will perceive a three-dimensional image.
Eight views displayed at a 60-Hz refresh rate requires a liquid-crystal display with a frame rate of 480 Hz. A more desirable 32 views would require almost 2 kHz. Neither speed is feasible with nematic liquid crystals but may be attainable with smectic liquid crystals if the problem of transferring image data sufficiently quickly to the liquid-crystal array can be overcome. 8 A practicable 16-view version of a Cambridge display has been built at the University of Cambridge. [9] [10] [11] It utilizes a CRT with 1-kHz frame rate, a projection lens, and a smectic liquid-crystal display element 3Fig. 21b24. It is capable of 16 views at 640 3 240 resolution or 8 views at 640 3 480. The CRT version emulates the liquid-crystal display and illumination system of the basic design. It is functionally identical to the ideal design, and the following analysis is equally applicable to either.
The principle behind the display has been generally understood to be directional modulation, with the optical system ensuring that each of the views is visible over only a small range of directions, as illustrated in Fig. 21a2 . The actual behavior of the display is considerably more complex than this simple description, and up to this time it has been understood only from qualitative observations of the display. The analysis presented here is the first quantitative description of the behavior of the Cambridge display. It successfully predicts and explains the effects of the existing CRT-based displays and has proved effective in preparing designs for future models. In viewing a real-world scene, there are an infinite number of possible images of the scene. 1b2 It is possible to divide this viewing space conceptually into a finite number of windows, in each of which only a single image is visible, while still retaining both stereo and movement parallax cues. 1c2 An autostereoscopic three-dimensional display uses this idea to provide a threedimensional image, using a finite number of views taken from distinct view points. 
Basic Parameters
The Cambridge display 1Fig. 32 consists of a simple convex lens and an adjacent display screen of width w l , and a set of N illumination bars with overall width w b . The bars are situated a distance d b from the lens. The lens has a focal length f.
The system is arranged such that d b $ f. Consequently, an image of the illumination bars is projected a distance d o in front of the lens. This image has width w o . These two parameters are related to d b and w b by the simple equations
An eye at d o will see the entire screen illuminated by a point on one of the illumination bars. Each of the viewer's two eyes will be illuminated by a different bar, and hence will see a different view. This provides stereo parallax to the viewer. When the observer moves his or her head left to right at distance d o , the observer's eyes will move through zones illuminated by different bars. This provides movement parallax, allowing the observer to look around objects in the image. The combination of these two effects produces a powerful three-dimensional illusion.
Viewing at other distances still produces a threedimensional illusion. The purpose of the following analysis is to ascertain what the viewer will see from any position in front of the screen. To achieve this we must find which parts of the illumination system illuminate the screen for all positions of the eye. This will allow us to quantify the zone over which a viewer will perceive a three-dimensional effect.
Pupil's Image on the Illumination Bars
If an eye is placed at an arbitrary point 1z, x2 in front of the screen 1Fig. 42, the image of an idealized pinhole pupil will be at 1a1z2, b1z, x22, where
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The area imaged by the point 1z, x2 at distance d b behind the lens covers the area from k 2 1z, x2 to k 1 1z, x2, centered on k 0 1z, x2. These can be shown to be
where Eq. 112 has been used to remove f from Eqs. 152 and 172. From these equations it is possible to derive a function describing which parts of the screen are illuminated by which illumination bars for any position of the eye. Assume that the illumination system is divided into N equal-width bars of infinite height. Number the bars from 1 to N, left to right. Parameterize the screen width into the range p [ 30, 14, where p 5 0 represents the left edge and p 5 1 the right edge of the screen. It can then be shown that the bar B illuminating position p on the screen for a pupil at 1z, x2 is B1 p, z, x2 5 ab1 p, z, x2b, 182
where aab is the nearest integer greater than or equal to a, and b # 0 or b . N is unilluminated. From this it can be seen that the behavior of a Cambridge Fig. 3 . Basic parameters of a Cambridge autostereoscopic display. Fig. 4 . Image of a pupil at 1z, x2 is 1a1z2, b1z, x22. At distance d b behind the lens, the point 1z, x2 images onto the area from k 2 1z, x2 to k 1 1z, x2.
autostereoscopic display is completely specified by the parameters d o , w o , w l , and N. This result is important because all these parameters are in user space. This permits an autostereo display to be specified without reference to particular optical components, and it provides the designer freedom to use whatever components are necessary to implement the design. It also permits measurement of the parameters of an existing display without the need to know the internal mechanisms of the device.
Viewing Zones
The positions of the viewer's eye at which the entire screen appears illuminated determine the useful viewing zone of the display. We can find bounds on this zone by setting b10, z, x2 5 0, b10, z, x2 5 N, b11, z, x2 5 0, and b11, z, x2 5 N. This gives the lines
, 1102
. 1112 Figure 5 illustrates the zones defined by these lines within which an image is visible on the screen. Note that there are three distinct zones: an umbra 1u2, where nothing is visible on the screen, a penumbra 1p2, where part of the screen is illuminated, and a fully illuminated zone 1f 2, where an image is visible across the entire screen. In order to see an autostereoscopic image, both of the observer's eyes must be within the fully illuminated zone.
The equations show that, for a given w o , a larger screen size w l leads to a smaller fully illuminated zone. In contrast, for a given screen size w l , a larger w o leads to a larger fully illuminated zone. There are, however, limits to the size of w o for a given number of views.
The maximum useful size of w o is delimited by the number of views, N, and the human eye separation, s e . This has an average value of 65 mm for adult males and 63 mm for adult females. 12 If w o . Ns e , then there will be positions at z 5 d o where both eyes see the same view, and hence a monoscopic image is perceived. It is thus necessary to restrict w o # Ns e . Furthermore, for a finite number of views, there will be some value of z beyond which parts of the image will appear monoscopic for the same reason. This value can be shown to be
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This can be considered the farthest distance at which a completely stereoscopic image is visible. However, for cases in which w o , w l 3e.g., Fig. 51a24 , it is possible that this limiting position could be that at which both eyes can just see an image, in which case
z max thus being defined by Eq. 1122 for w o $ w l and by the minimum of Eqs. 1122 and 1132 for w o , w l . The limiting position close to the screen is that distance at which both eyes can first see an image across the whole screen:
Examples and Comments
To facilitate understanding of these results, consider two examples. Figure 6 shows the current eightview implementation of the Cambridge display, whereas Fig. 7 shows a proposed 15-view design with a larger screen. These mosaic diagrams show which parts of the screen are illuminated for each eye at a variety of locations. Figure 8 is the key to interpreting each element of the mosaics. Left and right eye images are placed one above the other to show the amount of stereo disparity between the different parts of the image. These diagrams show that, at any distance other than the optimal, d o , the image perceived by each eye will contain parts of two or more views. A second consequence is that stereo fusing of the pair of images will contain areas of differing stereo disparity. For example, in Fig. 6 at z 5 1.2 m, there are regions where the disparity between the eyes is one view and regions where it is two views.
In practice, with eight views, both of these effects tend to be noticeable only when the viewer moves his or her head. Figure 9 shows photographs of the screen of the eight-view display. It can be seen that the interface between views is barely noticeable, because of the similarity between adjacent views. When the head is moved, however, the fact that the image is made up of parts of several views manifests as a wiping effect: the discontinuities move across the screen. The differing stereo disparities in different parts of the picture manifest as a wobbling effect: as the disparity between the two images changes, the perceived depth of objects changes also and they can appear to wobble forward and back. This depth wobble does not occur at or near the optimal distance, nor does it occur for objects at or near the plane of the screen where disparity is zero.
Doubling the number of views, from eight to 16, is observed to improve significantly the three-dimensional illusion during head movement by reducing both of these artifacts. This is because each view is closer in content to its adjacent views than with eight views, reducing the wiping effect. In addition, the differences in disparity in a pair of images are also reduced. The limit, as the number of views increases, is to produce a perfectly smooth threedimensional illusion. In practice even as few as six Note that the center of the display's screen is at 1z, x2 5 10, 02 and that the axes on the mosaic diagrams do not meet at this origin.
views produces an acceptable three-dimensional effect for viewers near to the optimal distance.
Conclusion
A quantitative description of the behavior of a Cambridge autostereoscopic display has been presented.
The equations derived in this paper allow for the calculation of the viewing zone of a Cambridge display, and for the determination of what a viewer will see from any position in front of the display. It has been shown that these are completely determined by the four parameters, d o , w o , w l , and N 3Eq. 1924. These parameters can be used to specify the design of a Cambridge display, and suitable f, d b , and w b can be chosen to implement the design. The equations derived here are therefore useful in both the analysis and design of this type of timemultiplexed autostereoscopic display. Fig. 9 . Photographs from the current display's screen. 1a2 Test pattern where each view is filled with digits showing the number of that view. This clearly shows the boundaries between views. Views 4, 3, and 2 illuminate different parts of the screen from this position. 1b2 Same location as 1a2, but with a computer-generated image of a room. The positions of the boundaries between the views are shown with arrows. The only noticeable artifacts of these boundaries are the slight discontinuities at the left edge of the table 1above the left arrow2 and at the back of the chair 1above the right arrow2. This demonstrates that, at least when the head is kept still, the discontinuities produce little degradation in the perceived image.
